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Abstract
In this paper, it is defined the kth order Sobolev–Hardy space H 10,k(Ω,φ) with norm
‖u‖1,k,φ =
{∫
Ω
[
φ|∇u|2 − φ
k∑
i=1
(
h′
i
hi
)2
u2
]
dx
}1/2
.
Then the corresponding Poincaré inequality in this space is obtained, and the results are given that
this space is embedded in L
2N
N−2 with weight φ−1|x|−2(N−1)H−(2+
2N
N−2 )
k+1 and in W
1,q
0 with weight
φq/2 for 1 q < 2. Moreover, we prove that the constant of k-improved Hardy–Sobolev inequality
with general weight is optimal. These inequalities turn to be some known versions of Hardy–Sobolev
inequalities in the literature by some particular choice of weights.
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Let p > 1 be a constant. In 1920, Hardy [6] showed that for any positive f (x) ∈
Lp(0,∞), the following inequality holds:
∞∫
0
[
F(x)
x
]p

(
p
p − 1
)p ∞∫
0
∣∣f (x)∣∣p dx,
where F(x) = ∫ x0 f (t)dt , see [10] for a comprehensive account of Hardy inequalities.
On multi-dimensional sharp Hardy inequalities, Leray [7] proved that if N  3, then for
every u ∈ H 10 (RN),∫
RN
|∇u|2 dx − (N − 2)
2
4
∫
RN
u2
|x|2 dx  0 (1.1)
and if N = 2, then for every u ∈ H 10 (R2 \ B1(0)),∫
|x|1
|∇u|2 dx − 1
4
∫
|x|1
u2
|x|2 ln2 |x| dx  0. (1.2)
Moreover, it was proved in [11] that the constant (N −2)2/4 in (1.1) is optimal. The above
two inequalities are called the Hardy–Sobolev inequality [1], or the Hardy inequality [5].
See Maz’ja’s book [9] for more discussions on multi-dimensional Hardy inequalities.
Recently, there has been considerable interest in improving this inequality and one of
the important improvements was obtained by Brézis and Vázquez [4]. They showed that if
Ω is a bounded domain in RN , N  3, with smooth boundary and 0 ∈ Ω , then there exists
a constant λ(Ω) > 0 and K > 0 such that for every u ∈ H 10 (Ω),∫
Ω
|∇u|2 dx − (N − 2)
2
4
∫
Ω
u2
|x|2 dx  λ(Ω)
∫
Ω
u2 dx (1.3)
and ∫
Ω
|∇u|2 dx − (N − 2)
2
4
∫
Ω
u2
|x|2 dx K
(∫
Ω
|u|p dx
)2/p
, (1.4)
where 2 p < 2N/(N − 2). The constant λ(Ω) in (1.3) is given by
λ(Ω) = Z20ω2/NN |Ω|−2/N ,
where ωN and |Ω| denote the Lebesgue measure of the unit ball and Ω , respectively,
Z0 = 2.4048 . . . denotes the first zero of the Bessel function J0(z), and Z20 is the first
eigenvalue of Dirichlet problem of Laplacian equation for the unit disk in R2.
If N  3, Ω is as before and d  supx∈Ω |x|, Filippas and Tertikas [5] proved∫
Ω
|∇u|2 dx − (N − 2)
2
4
∫
Ω
u2
|x|2 dx 
1
4
k∑
i=1
∫
Ω
1
|x|2 X
2
1
( |x|
d
)
· · ·X2i
( |x|
d
)
u2 dx,
(1.5)
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k = 1,2, . . . , the constant 1/4 is the best constant for the corresponding k-improved Hardy
inequality (1.5). They also obtained∫
Ω
|∇u|2 dx − (N − 2)
2
4
∫
Ω
u2
|x|2 dx C
[∫
Ω
|u| 2NN−2 X1+ NN−2
( |x|
d
)
dx
]N−2
N
(1.6)
for each u ∈ H 10 (Ω), where X(t) = (− ln t)−1. The above two inequalities improve (1.3)
and (1.4), respectively.
Adimurthi et al. [1] improved inequality (1.3) in W 1,p0 (Ω). A series of newer results in
this aspect was given by Barbatis et al. in [3].
Adimurthi and Sandeep [2] obtained the Hardy–Sobolev inequality for the case of
N = p, especially, if N = 2, for each u ∈ H 10 (Ω),∫
Ω
|∇u|2 dx − 1
4
∫
Ω
u2
|x|2(lnR/|x|)2 dx  C
∫
Ω
u2
|x|2(lnR/|x|)2(ln lnR/|x|)2 dx (1.7)
where R  e supx∈Ω |x| and they proved that the constant 1/4 is optimal.
Vázquez and Zuazua [13] gave another version of improvement for (1.4), that is, if
1 q < 2, for each u ∈ H 10 (Ω),∫
Ω
|∇u|2 dx − (N − 2)
2
4
∫
Ω
u2
|x|2 dx C(q,Ω)‖u‖
2
W
1,q
0 (Ω)
. (1.8)
In addition, Wang and Willem [14, Theorem 2] gave the Hardy–Sobolev inequality with
weight |x|γ , that is, if −∞ < γ < (N − 2)/2, for each u ∈ H 10 (Ω),∫
Ω
|∇u|2|x|−2γ dx − λN,2γ
∫
Ω
|u|2|x|−2(γ+1) dx
 1
4
∫
Ω
|u|2|x|−2(γ+1)
(
ln
R
|x|
)−2
dx, (1.9)
where λN,2γ = [N/2 − (γ + 1)]2, and 1/4 is the best constant.
The aim of this paper is to establish the corresponding inequalities in Sobolev–Hardy
space with general weight.
Let N  2, Ω is a domain in RN . Denote
a = θ sup
x∈Ω
|x|,
where θ > 1 is a given constant. Then Ω ⊂ Ba(0), where Ba(0) denotes the ball in RN
with radius a centered at 0.
Lemma 1.1. Let Ω be a bounded domain or RN , φ(r) be a positive function in C1(0, a)
and φ(|x|) ∈ L1loc(Ω). Assume h(r) is a positive function C1(0, a) satisfying
rN−1φ(r)
(
h2
)′ = c.
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Ω
φ(r)
[
h′(r)
h(r)
]2
u2 dx 
∫
Ω
φ(r)|∇u|2 dx, (1.10)
where r = |x|.
Denote
‖u‖1,φ =
(∫
Ω
φ(r)|∇u|2 dx
)1/2
. (1.11)
Definition 1. Let Ω be bounded or RN . It is called Sobolev–Hardy space with weight φ the
completion of C∞0 (Ω) with respect to the norm (1.11) if h−1(0) = 0, or the completion of
C∞0 (Ω \ {0}) with respect to the norm (1.11) if h−1(0) 	= 0, and it is denoted by H 10 (Ω,φ).
Example 1. Let N  2 and φ(r) = r2α . Then
h(r) =
{
r1−N/2−α, α 	= 1 − N/2,
(lnR/r)1/2, α = 1 − N/2,
where if α 	= 1 − N/2, Ω is allowed to be RN , and if α = 1 − N/2, it is assumed that
Ω is bounded and R  a. Therefore, h−1(0) = 0 if α  1 − N/2, and h−1(0) 	= 0 if α <
1 − N/2.
Example 2. Let N  2, Ω be bounded, φ(r) = r2−N(lnR/r)−2α , where R  ea. Then
h(r) =
{
(lnR/r)α+1/2, α 	= −1/2,
(ln lnR/r)1/2, α = −1/2.
Thus, h−1(0) = 0 if α −1/2, and h−1(0) 	= 0 if α < −1/2.
In this paper, we are concerned with the Sobolev–Hardy inequalities for the case of
h−1(0) = 0. These inequalities for the case of h−1(0) 	= 0 can be obtained by the same
argument.
Assume
(H1) φ(r) is a positive function in C1(0, a) and φ(|x|) ∈ L1loc(Ω).
(H2) For each i = 1, . . . , k, hi(r) is positive function in C1(0, a) and satisfies
rN−1φi ·
(
h2i
)′ = ci,
where φ1 = φ, φi+1 = φih2 and ci is a negative constant. Moreover, h−1(0) = 0.i 1
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Ω
φ|∇u1|2 dx =
∫
Ω
φ
k∑
i=1
(
h′i
hi
)2
u21 dx +
∫
Ω
φk+1|∇uk+1|2 dx (1.12)
for any u1 ∈ H 10 (Ω,φ), where ui+1 = ui/hi for i = 1, . . . , k.
Theorem 1.3. Let Ω be bounded. Assume (H1) and (H2). Then, for each positive integer k,∫
Ω
φ|∇u|2 dx −
∫
Ω
φ
k∑
i=1
(
h′i
hi
)2
u2 dx 
∫
Ω
φ
(
h′k+1
hk+1
)2
u2 dx (1.13)
for any u ∈ H 10 (Ω,φ). Moreover, 1 is the best constant for the above kth order Hardy
inequality with general weight, that is,
1 = inf
u∈H 10,k(Ω,φ)
∫
Ω
[
φ|∇u|2 − φ∑ki=1(h′ihi )2u2]dx∫
Ω
φ
(h′k+1
hk+1
)2
u2 dx
. (1.14)
Remark 1.1. If φ ≡ 1, by the choice of hi , all sorts of Hardy inequalities can be obtained
from (1.13). For example, by (H2), take
h1 = r1−N/2, h22 = X−11 (r/d), . . . , h2k+1 = X−1k (r/d)
where d and Xk(t), for k = 1,2, . . . , are the same as those in (1.5). For such choice of hi ,
(1.13) becomes (1.5) [5, Theorem 6.1]. One can obtain the results of [1,2] by taking
h1 = r1−N/2, h22 = ln
R
r
, . . . , h2k+1 = ln(k)
R
r
where R  e(k)a, e(1) = e, and e(i+1) = ee(i) for i  2, ln(1) = ln, ln(i) = ln ln(i−1), ln(i) =∏i
j=1 ln(j) for i  2.
Because of the introduction of the space H 10,k(Ω,φ), it is much more convenient to
construct the minimizing sequence in the proof of (1.14).
When discussing the following heat equation with a Hardy potential 1/|x|2 and critical
parameter (N − 2)2/4, N  3:
∂u
∂t
= Δu + (N − 2)
2
4
u
|x|2 ,
Vázquez and Zuazua [13] used a Hilbert space H , which is the completion of C∞0 (Ω), or
H 10 (Ω), with respect to the norm
‖u‖H =
[∫ (
|∇u|2 − (N − 2)
2
4
u2
|x|2
)
dx
]1/2
,Ω
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(u, v)H =
∫
Ω
(
∇u · ∇v − (N − 2)
2
4
uv
|x|2
)
dx.
This is the energetic norm, as described in [8, Chapter 5] or cf. [15]. H is larger than
H 10 (Ω), and smaller than
⋂
q<2 W
1,q
0 (Ω). Then (1.3) is the Poincaré inequality in H , (1.4)
is the Sobolev inequality in H . Moreover, (1.8) shows that H is embedded in W 1,q0 (Ω),
then we know H is compactly embedded in Lp(Ω) for any 2 p < 2N/(N − 2). There-
fore, one can also deal with the nonlinear elliptic equation with Hardy potential and critical
parameter.
For heat equation, or nonlinear elliptic equation, with kth order Hardy potential and
critical parameter, it should be well-posed in kth order Sobolev–Hardy space, a Hilbert
space, defined as the completion of C∞0 (Ω), or H 10 (Ω), with respect to the norm
‖u‖1,k =
{∫
Ω
[
|∇u|2 − (N − 2)
2
4
u2
|x|2 −
1
4
k−1∑
i=1
u2
|x|2(ln(i) R/|x|)2
]
dx
}1/2
whose corresponding inner product is
(u, v)1,k =
∫
Ω
[
∇u∇v − (N − 2)
2
4
uv
|x|2 −
1
4
k−1∑
i=1
uv
|x|2(ln(i) R/|x|)2
]
dx,
see [12], in which the authors discussed multiple solutions of nonlinear elliptic equations
with kth order Hardy potential and critical parameter.
Now let us define the kth order Sobolev–Hardy space with general weight.
Definition 2. Let Ω be bounded. It is called the kth order Sobolev–Hardy space with
weight φ the completion of C∞0 (Ω) with respect to the norm
‖u‖1,k,φ =
{∫
Ω
[
φ|∇u|2 − φ
k∑
i=1
(
h′i
hi
)2
u2
]
dx
}1/2
(1.15)
whose corresponding inner product is
(u, v)1,k,φ =
∫
Ω
[
φ∇u∇v − φ
k∑
i=1
(
h′i
hi
)2
uv
]
dx (1.16)
and it is denoted by H 10,k(Ω,φ).
Note that H 10,k(Ω,φ) is a Hilbert space.
Remark 1.2. It follows from (1.12) that
‖u‖21,k,φ =
∫
Ω
φH 2k
∣∣∣∣∇
(
u
Hk
)∣∣∣∣
2
dx where Hk(r) =
k∏
i=1
hi(r).
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H 10,k(Ω,φ) has not been discussed before. Let us examine two typical examples.
Example 3. Consider the functions defined for 0 < r < r0 < 1 as
u(r) = r−(N−2)/2
(
ln
1
r
)α
and continued smoothly up to the boundary of the ball B1(0), where u = 0. It is easy to see
that u belongs to H 10,1(B1(0),1) if and only if α < 1/2, and u ∈ H 10 (B1(0)) if and only if
α < −1/2 [13].
Example 4. Consider the functions defined for 0 < r < r0 < 1 as
u(r) = r−(N−2)/2
(
ln
1
r
)1/2(
ln ln
1
r
)α
and continued smoothly up to the boundary of the ball B1(0), where u = 0. It is easy to
see u belongs to H 10,1(B1(0),1) if and only if α < 1/2, and u belongs to H
1
0 (B1(0)) if and
only if α < −1/2 [2]. This can be easily checked by observing that for the dense set of
functions on which we define the norm, and under the assumption of radial symmetry we
have ∫
B1(0)
(
|∇u|2 − (N − 2)
2
4
u2
|x|2
)
dx = NωN
1∫
0
∣∣v′(r)∣∣2r dr
with v(r) = u(r)r(N−2)/2.
Now let us state our results in H 10,k(Ω,φ), which are generalizing versions of (1.5)–
(1.8).
In what follows, let Ω ⊂ Ba(0) be a bounded domain in RN .
Theorem 1.4. Let N  2. Assume (H1) and (H2). Then, for any u ∈ H 10,k(Ω,φ),
‖u‖21,k,φ =
∫
Ω
[
φ|∇u|2 − φ
k∑
i=1
(
h′i
hi
)2
u2
]
dx  λ1(φk+1)
∫
Ω
φk+1|u|2 dx, (1.17)
where
λ1(φk+1) = inf
u∈H 10 (Ω,φk+1)
∫
Ω
φk+1|∇u|2 dx∫
Ω
φk+1u2 dx
.
The inequality (1.17) generalizes (1.3), and it is the Poincaré inequality in kth order
Sobolev–Hardy space H 10,k(Ω,φ).
Example 5. Let φ(r) = r−2γ with −∞ < γ < (N − 2)/2. It follows from (H2) that
h1(r) = r1+γ−N/2, φ2(r) = r2−N .
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Ω
|∇u|2|x|−2γ dx − λN,2γ
∫
Ω
|u|2|x|−2(γ+1) dx  λ1(φ2)
∫
Ω
|u|2|x|−2γ dx.
If Ω = B1(0), and u(x) = u(|x|) = u(r),
λ(φ2) = inf
u∈H 10 (Ω,φ)
∫
Ω
φ2|∇u|2 dx∫
Ω
φ2|u|2 dx = infu∈H 1(0,1)
u(1)=0
∫ 1
0 u
′2r dr∫ 1
0 u
2r dr
that is, λ(φ2) is exactly equal to Z20 in (1.3). Furthermore, it follows from (H2) that
h22 = ln
R
r
, φ3 = r2−N ln R
r
and (1.17) (k = 2) turns to be∫
Ω
|∇u|2|x|−2γ dx − λN,2γ
∫
Ω
|u|2|x|−2(γ+1) dx − 1
4
∫
Ω
|u|2|x|−2(γ+1)
(
ln
R
r
)−2
dx
 λ1(φ3)
∫
Ω
|u|2|x|−2γ dx,
which improves (1.9).
Theorem 1.5. Let N  2. Assume (H1) and (H2). Suppose that for each p  2, H 2k+1/H 2i ∈
Lp(Ω) for i = 1, . . . , k, where Hk(r) =∏ki=1 hi(r). Then, for any 1 q < 2, there exists
a positive constant C such that, for any u ∈ H 10,k(Ω,φ),
‖u‖21,k,φ C
∥∥φ1/2∇u∥∥2
Lq(Ω)
.
Remark 1.3. Theorem 1.5 extends the inequality (1.8) to the kth order Sobolev–Hardy
space with general weight. Moreover, one can establish the corresponding result for the
case of N = 2.
Remark 1.4. Theorem 1.5 shows that
H 10 (Ω,φ) ⊂ H 10,k(Ω,φ) ⊂
⋂
1q<2
W
1,q
0 (Ω,φ).
Moreover, if φ ≡ 1, then for each 1 q < 2, the space H 10,k(Ω,1) is compactly embedded
in the spaces Lp(Ω) for each p < Nq/(N − q).
Theorem 1.6. Let N > 2. Assume (H1) and (H2). Suppose that there exist a constant c > 0
such that(
φ′)2  c(h′1)2 and ∣∣(h2k+1)′∣∣ cr−1h2k+1. (1.18)φ h1
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‖u‖21,k,φ  C
∫
Ω
|u| 2NN−2 φ−1|x|−2(N−1)H−(2+
2N
N−2 )
k+1 dx. (1.19)
Remark 1.5. (1.19) is an embedding inequality in H 10,k(Ω,φ), and it turns to be (1.6) if
k = 1 and φ ≡ 1.
Remark 1.6. Let φ(r) = r2α . By Example 1, it is easy to see h−1(0) = 0 if α  1 − N/2;
and if α < 1 − N/2, then h−1(0) 	= 0, but the above theorems also hold because in this
case H 10,k(Ω,φ) denotes the completion of C
∞
0 (Ω \ {0}) with respect to norm ‖ · ‖1,k,φ .
Example 6. Let φ(r) = r2α , where α > 1 − N/2. Then h1(r) = r1−N/2−α , and so(
φ′
φ
)2
=
(
2α
r
)2
 c
(
h′1
h1
)2
.
It follows from (H2) that h2k+1 = ln(k) R/r for k  1, and then∣∣∣∣h
′
k+1
hk+1
∣∣∣∣= 14r∏ki=1(ln(i) R/r) 
c
r
and for each p > 2,
H 2k+1
H 2i
=
k∏
j=i
(
ln(j)
R
r
)2
∈ Lp(Ω).
Therefore, all conditions of Theorems 1.6 and 1.5 are verified.
2. Preliminary lemmas
For short, φ denotes φ(r) or φ(|x|), and etc. Firstly, we give an identity. It is the start
point of the proof of all our results.
Lemma 2.1. Assume (H1) and (H2). Then for any u1 ∈ H 10 (Ω,φ),∫
Ω
φ1|∇u1|2 dx =
∫
Ω
φ1
(
h′1
h1
)2
u21 dx +
∫
Ω
φ1h
2
1|∇u2|2 dx. (2.1)
Proof. For given δ > 0 such that Bδ(0) ⊂ Ω , we have
∫
Bδ(0)
φ
(
h′
h
)2
dx =
∫
Bδ(0)
φ(h2)′h′
2h3
dx = cNωN
2
δ∫
0
h′
h3
dr = −cNωN
2
h−2(δ) < +∞
that is, φ(h′/h)2 ∈ L1 (Ω).loc
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∇u1 = h1∇u2 + h1u2 x|x|
and so∫
Ω
(
φ1|∇u1|2 − 2
N∑
i=1
φ1h1h
′
1
xi
|x|u2
∂u2
∂xi
)
dx
=
∫
Ω
φ1
(
h′1
)2
u22 dx +
∫
Ω
φ1h
2
1|∇u2|2 dx
=
∫
Ω
φ1
(
h′1
h1
)2
u21 dx +
∫
Ω
φ1h
2
1|∇u2|2 dx.
Note that
2
N∑
i=1
∫
Ω\B(0)
φ1h1h
′
1
xi
|x|u2
∂u2
∂xi
dx
= 1
2
∫
Ω\B(0)
φ1
(
h21
)′ xi
|x|
∂u22
∂xi
dx = c1
2
∫
Ω\B(0)
xi
|x|N
∂u22
∂xi
dx
= c1
2
∫
∂B(0)
1−Nu22 ds →
c1
2
NωNu
2
1(0)h
−2
1 (0) = 0
as  tends to 0, that is,
2
N∑
i=1
∫
Ω
φ1h1h
′
1
xi
|x|u2
∂u2
∂xi
dx = 0.
This completes the proof. 
Remark 2.1. If h−1(0) 	= 0 in (H2), the above lemma also holds, because in this case
(2.1) holds for each u ∈ C∞0 (Ω \ {0}) by the process of the proof, and H 10 (Ω,φ) is the
completion of u ∈ C∞0 (Ω \ {0}).
Proof of Lemma 1.1. The result follows from (2.1) where the last term on the right-hand
side is nonnegative. 
Lemma 2.2. For any q  2, there exists a positive constant c such that, for any v ∈
C∞0 (0,1),
1∫
0
φk+1rN−1|v′|2 dr  c
( 1∫
0
|v|qr−(N−1)φ−1k+1h−(2+q)k+1 dr
)2/q
. (2.2)
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dν = rN−1φk+1χ[0,1] dr and dμ = r−(N−1)φ−1k+1h−(2+q)k+1 dr.
In fact, let 0 < r < 1, then
μ(0, r) =
r∫
0
r−(N−1)φ−1k+1h
−(2+q)
k+1 dr = ck+1
r∫
0
(
h2k+1
)′(
h2k+1
)−1−q/2 dr
= −2ck+1q−1
[
hk+1(r)
]−q
and
1∫
r
(
dν∗
dr
)−1
dr =
1∫
r
r−(N−1)φ−1k+1 dr = ck+1
1∫
r
(
h2k+1
)′ dr
= −ck+1
(
h2k+1(r) − h2k+1(1)
)
−ck+1h2k+1(r).
Therefore, if 0 < r < 1, we have
[
μ(0, r)
]1/q[ 1∫
r
(
dν∗
dr
)−1
dr
]1/2
C
and, obviously, it also holds if r > 1, and the result follows. 
3. Proof of theorems
Proof of Lemma 1.2. The result can be obtained by the iteration of (2.1). 
Proof of Theorem 1.3. The inequality (1.13) is a direct result of (1.12). Now let us prove
the constant 1 is the best. We may assume that Ω = B1(0). We will now make a particular
choice of u, that is, define
Uk,(r) = h1(r) · · ·hk(r)h1−k+1(r)ϕ(r)
where r = |x|. The parameter  is positive and small, and eventually it will be sent to zero.
The function ϕ(r) is a smooth cut-off function such that ϕ(r) = 1 in Bδ(0) and ϕ(r) = 0
outside B2δ(0) for some positive constant δ small.
Firstly, let us check Uk, ∈ H 10,k(Ω,φ). In fact, it follows from (1.12) that
‖Uk,‖21,k,φ =
∫
B1(0)
[
φ|∇Uk, |2 − φ
k∑
i=1
(
h′i
hi
)2
U2k,
]
dx
=
∫
φk+1
∣∣∣∣∇
(
Uk,
h1 · · ·hk
)∣∣∣∣
2
dxB1(0)
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∫
B1(0)
φk+1
∣∣∇(h1−k+1ϕ)∣∣2 dx
=
∫
B1(0)
φk+1
∣∣(1 − )h−k+1h′k+1ϕ + h1−k+1ϕ′∣∣2 dx. (3.1)
It is easy to see φh1−k+1ϕ′ ∈ L2(Ω). In addition,
∫
B1(0)
φk+1h−2k+1
(
h′k+1
)2
ϕ2 dx = 1
2
NωN
1∫
0
φk+1
(
h2k+1
)′
h′k+1h
−1−2
k+1 ϕ
2rN−1 dr
= 1
2
ck+1NωN
1∫
0
h−1−2k+1 h
′
k+1ϕ2 dr
 1
2
ck+1NωN
2δ∫
0
h−1−2k+1 h
′
k+1 dr < +∞
where the second equality sign is because of φk+1(h2k+1)′ = ck+1r1−N . Therefore, Uk, ∈
H 10,k(Ω,φ).
Now we will show {Uk,} is a minimizing sequence of (1.14). It follows from (3.1) that
‖Uk,‖21,k,φ
=
∫
B1(0)
φk+1
[
(1 − )2h−2k+1
(
h′k+1
)2
ϕ2 + 2(1 − )h1−2k+1 h′k+1ϕϕ′ +
(
h1−k+1ϕ
′)2]dx
= (1 − )2
∫
B1(0)
φk+1h−2k+1
(
h′k+1
)2
ϕ2 dx + O(1)
as  tends to zero. Meanwhile,∫
B1(0)
φ
(
h′k+1
hk+1
)2
U2k, dx =
∫
B1(0)
φ
(
h′k+1
hk+1
)2
h21 · · ·h2−2k+1 ϕ2 dx
=
∫
B1(0)
φk+1
(
h′k+1
hk+1
)2
h2−2k+1 ϕ
2 dx
=
∫
B1(0)
φk+1h−2k+1
(
h′k+1
)2
ϕ2 dx.
Note that∫
φk+1h−2k+1
(
h′k+1
)2
ϕ2 dx 
∫
φk+1h−2k+1
(
h′k+1
)2 dx
B1(0) Bδ(0)
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∫
Bδ(0)
φk+1
(
h2k+1
)′
h−1−2k+1 h
′
k+1 dx
= 1
2
ck+1NωN
δ∫
0
h−1−2k+1 h
′
k+1 dr
= − 1
4
NωNck+1h−2k+1(δ) → +∞
as  tends to zero. Therefore
lim
→0
∫
B1(0)
[
φ|∇Uk, |2 − φ∑ki=1(h′ihi )2U2k,]dx∫
B1(0) φ
(h′k+1
hk+1
)2
U2k, dx
= 1.
This completes the proof. 
Proof of Theorem 1.4. The result follows from (1.12) and the definition of λ1(φk+1). 
Proof of Theorem 1.5. For any given u ∈ H 10,k(Ω,φ), let ui+1 = ui/hi for i = 1, . . . , k,
where u1 = u. Then u1 = uk+1Hk , and
|∇u| ∣∣H ′k∣∣|uk+1| + |Hk||∇uk+1|
and then∫
Ω
φ
q/2
1 |∇u|q dx  2q−1
∫
Ω
φ
q/2
1
(∣∣H ′k∣∣q |uk+1|q + |Hk|q |∇uk+1|q)dx.
By the Hölder inequality, we have∫
Ω
φ
q/2
1 |Hk|q |∇uk+1|q dx  |Ω|1−q/2
(∫
Ω
φ1H
2
k |∇uk+1|2 dx
)q/2
= |Ω|1−q/2‖u‖q1,k,φ.
Meanwhile, it follows from (H2) that∣∣∣∣h′ihi
∣∣∣∣=
∣∣∣∣ cici+1 hi+1h′i+1
∣∣∣∣
for each i = 1, . . . , k, and then∣∣∣∣h′ihi
∣∣∣∣=
∣∣∣∣ cick+1
h′k+1
hk+1
H 2k+1
H 2i
∣∣∣∣.
Therefore,∫
φ
q/2
1
∣∣H ′k∣∣q |uk+1|q dx
 kq−1
k∑
i=1
∫
φ
q/2
1 |Hk|q
∣∣∣∣h′ihi
∣∣∣∣
q
|uk+1|q dx
Ω
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k∑
i=1
∫
Ω
φ
q/2
k+1
∣∣∣∣h′ihi
∣∣∣∣
q
|uk+1|q dx
= kq−1
k∑
i=1
∣∣∣∣ cick+1
∣∣∣∣
q ∫
Ω
φ
q/2
k+1
∣∣∣∣h
′
k+1
hk+1
∣∣∣∣
q
|uk+1|q ·
(
Hk+1
Hi
)2q
dx
 kq−1
k∑
i=1
∣∣∣∣ cick+1
∣∣∣∣
q(∫
Ω
φk+1
∣∣∣∣h
′
k+1
hk+1
∣∣∣∣
2
|uk+1|2 dx
) q
2
[∫
Ω
(
Hk+1
Hi
) 4q
2−q
dx
]1− q2
 kq−1
k∑
i=1
∣∣∣∣ cick+1
∣∣∣∣
q[∫
Ω
(
Hk+1
Hi
) 4q
2−q
dx
]1− q2(∫
Ω
φk+1|∇uk+1|2 dx
) q
2
= kq−1
k∑
i=1
∣∣∣∣ cick+1
∣∣∣∣
q[∫
Ω
(
Hk+1
Hi
) 4q
2−q
dx
]1− q2 ‖u‖q1,k,φ,
where the last inequality is because of (1.10). Thus, the result follows from the above
inequalities. 
Proof of Theorem 1.6. Let u ∈ C∞0 (Ω). Define u(x) = 0 if x ∈ Ba(0) \ Ω . Let u˜ denote
the surface average of u, i.e.,
u˜(r) = 1
NωN
∫
|ω|=1
u(rω)ds.
Then u˜ ∈ C∞0 (Ba(0)). We have(˜
u(x)
g(r)
)
= u˜(x)
g(r)
for any given continuous function g(r) in [0, a), and∫
Ba(0)
φ|∇u˜|2 dx 
∫
Ba(0)
φ|∇u|2 dx. (3.2)
Let ui+1 = ui/hi for i = 1, . . . , k, where u1 = u, then uk+1 = u/Hk , and it follows from
(2.2) that∫
Ba(0)
|u˜|qφ−1r−2(N−1)H−(2+q)k+1 dx  C
∫
Ba(0)
φk+1|∇u˜k+1|2 dx,
where r = |x| and q = 2N/(N − 2). The first part of (1.18) implies φ1/2u ∈ H 10 (Ω), and
then φ1/2k+1(uk+1 − u˜k+1) = φ1/2(u− u˜) ∈ H 10 (Ba(0)). By the Sobolev embedding theorem
in H 1(Ba(0)) and (1.10), we have0
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∫
Ba(0)
∣∣φ1/2u∣∣q dx  C ∫
Ba(0)
∣∣∇(φ1/2u)∣∣2 dx
 C
∫
Ba(0)
φ|∇u|2 dx + C
∫
Ba(0)
∣∣u∇φ1/2∣∣2 dx
 C
∫
Ba(0)
φ|∇u|2 dx + C
∫
Ba(0)
φ
φ′2
φ2
u2 dx
 C
∫
Ba(0)
φ|∇u|2 dx + C
∫
Ba(0)
φ
h′21
h21
u2 dx
 C
∫
Ba(0)
φ|∇u|2 dx.
Similarly∫
Ba(0)
φ
q/2
k+1|uk+1 − u˜k+1|q dx  C
∫
Ba(0)
φk+1|∇uk+1 − ∇u˜k+1|2 dx.
Meanwhile, we have( ∫
Ba(0)
|u|qφ−1r2(1−N)H−2−qk+1 dx
)1/q

( ∫
Ba(0)
|uk+1|qφ−1r2(1−N)H−2k h−2−qk+1 dx
)1/q

( ∫
Ba(0)
|uk+1 − u˜k+1|qφ−1r2(1−N)H−2k h−2−qk+1 dx
)1/q
+
( ∫
Ba(0)
|u˜k+1|qφ−1r2(1−N)H−2k h−2−qk+1 dx
)1/q
. (3.3)
It follows from |(h2k+1)′| cr−1h2k+1 and rN−1φk+1(h2k+1)′ = ck+1 that
φk+1h2k+1  Cφk+1r
∣∣(h2k+1)′∣∣= C|ck+1|r2−N
and so
φ−1r2(1−N)H−2k h
−2−q
k+1 = r2(1−N)φ−1k+1h−2−qk+1  Cφq/2k+1.
Therefore( ∫
|uk+1 − u˜k+1|qφ−1r2(1−N)H−2k h−2−qk+1 dx
)1/q
Ba(0)
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( ∫
Ba(0)
φ
q/2
k+1|uk+1 − u˜k+1|q dx
)1/2
C
∫
Ba(0)
φk+1|∇uk+1 − ∇u˜k+1|2 dx (3.4)
and ( ∫
Ba(0)
|u˜k+1|qφ−1r2(1−N)H−2k h−2−qk+1 dx
)1/q
 C
∫
Ba(0)
φk+1|∇u˜k+1|2 dx, (3.5)
∫
Ba(0)
φk+1|∇uk+1|2 dx =
∫
Ω
φk+1|∇uk+1|2 dx. (3.6)
The result follows by combining (3.2)–(3.6). 
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